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The notion of a C-ring was ﬁrst introduced by Nobusawa [6] as
a generalization of a ring and then Barnes [2] generalized the
deﬁnition of Nabusawa’s C-ring in a more general nature.
For the C-rings we refer to Barnes [2]. LetM and C be additive
abelian groups. If there is a mapping M CM ! M (send-
ing ða; a; bÞ#aab) which satisﬁes the conditions (1)
ðaþ bÞac ¼ aacþ bac; aðaþ bÞb ¼ aabþ abb; aaðbþ cÞ ¼ aab
þaac; (2) ðaabÞbc ¼ aaðbbcÞ; for all a; b; c 2 M and a; b 2 C.
Then, M is a C-ring in the sense of Barnes [2]. Let M be aC-ring. A mapping I : M ! M is called an involution if (1)
Iðaþ bÞ ¼ IðaÞ þ IðbÞ; (2) IðaabÞ ¼ IðbÞaIðaÞ; (3) I2ðaÞ ¼ a;
for all a; b 2 M and a 2 C. In the ring theory, Ali, Dar and
Vukman [1] proved that every Jordan left H-centralizer on a
semiprime ring with involution, of char R different from 2 is
a reverse left H-centralizer. They used this result to make it
possible to solve some fundamental equations in prime and
semiprime rings. Also, see [3,4,7]. This paper deals with the
study of Jordan left-I-centralizers of prime and semiprime
C-rings with involution I, and was motivated by the work of
[1]. Throughout, M will represent a C-ring with center ZðMÞ.
We shall denote by CðMÞ the extended centroid of a prime
C-ring M. For the explanation of CðMÞ we refer to the reader
in the paper of Soyturk [8]. Given an integer nP 2, a C-ringM
is said to be n-torsion free, if for x 2 M; nx ¼ 0 implies x ¼ 0.
As usual ½x; ya and hx; yia will denote the commutator
xay yax and anti-commutator xayþ yax, respectively for
all x; y 2 M and a 2 C. An additive mapping T : M ! M is
called a left centralizer in case TðxayÞ ¼ TðxÞay holds for all
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be self-explanatory. An additive mapping T is called a two-
sided centralizer in case T : M ! M is a left and a right central-
izer. An additive mapping T : M ! M is called a Jordan left
centralizer if TðxaxÞ ¼ TðxÞax holds for all x 2 M and
a 2 C. Let M be a C-ring with involution I. An additive
mapping T : M ! M is said to be a left-I-centralizer (resp.
reverse left-I-centralizer) if TðxayÞ ¼ TðxÞaIðyÞ (resp.
TðxayÞ ¼ TðyÞaIðxÞ) holds for all x; y 2 M and a 2 C. An
additive mapping T : M ! M is called a Jordan left-I-central-
izer in case TðxaxÞ ¼ TðxÞaIðxÞ holds for all x; y 2 M and
a 2 C. The deﬁnition of a right-I-centralizer and a Jordan
right-I-centralizer should be self-explanatory. For some ﬁxed
element a 2 M, the mapM ! M deﬁned by x#aaIðxÞ is a Jor-
dan left-I-centralizer and the map x#IðxÞaa is a Jordan right-
I-centralizer on M. Clearly, every left-I-centralizer on a C-ring
M is a Jordan left-I-centralizer. Further, we establish a result
concerning additive mapping T : M ! M satisfying the rela-
tion TðxaxaxÞ ¼ IðxÞaTðxÞaIðxÞ for all x 2 M and a 2 C.
We showed that if M is a 2-torsion free semiprime C-ring
and S;T : M ! M are left centralizers such that
½SðxÞ;TðxÞabSðxÞ þ SðxÞb½SðxÞ;TðxÞa ¼ 0 for all x; y 2 M
and a; b 2 C, then ½SðxÞ;TðxÞa ¼ 0 for all x 2 M and a 2 C.
In case M is a prime C-ring and S–0 (T–0), then there exists
p; q 2 CðMÞ such that T ¼ pS (S ¼ qT). We shall restrict our
attention on Jordan left-I-centralizers, since all results pre-
sented in this article are also true for Jordan right-I-centraliz-
ers because of left–right symmetry. Throughout this paper, M
will represent a C-ring and ZðMÞ will be its center. A C-ringM
is prime if xCMCy ¼ 0 implies that x ¼ 0 or y ¼ 0, and is semi-
prime if xCMCx ¼ 0 implies x ¼ 0. Let x; y 2 M and a 2 C,
the commutator xay yax will be denoted by ½x; ya. We know
that ½xby; za ¼ xb½y; za þ ½x; zabyþ x½b; azy and
½x; ybza ¼ yb½x; za þ ½x; yabzþ y½b; axz for all x; y; z 2 M
and a; b 2 C. We shall take the assumption xaybz ¼ xbyaz
for all x; y; z 2 M and a; b 2 C. Using this assumption, the
above identities reduce to ½xby; za ¼ xb½y; za þ ½x; zaby;
½x; ybza ¼ yb½x; za þ ½x; yabz, for all x; y; z 2 M and a; b 2 c.
Also, hx; ybzia ¼ hx; yiabz yb½x; za ¼ ybhx; zia þ ½x; yabz;
hxby; zia ¼ xbhy; zia  ½x; zaby ¼ hx; ziabyþ xb½y; za, which
are used extensively in our results.2. Basic results
Lemma 2.1. Let M be a prime C-ring with the central closure
CðMÞ. Suppose that the elements ai; bi 2 CðMÞ satisfying the
condition
P
aiaxbbi ¼ 0 for all x 2 M and a 2 C. If bi ¼ 0 for
some i, then ai’s are CðMÞ-independent.
Proof. We show that ai’s are linearly independent over CðMÞ.
If not, there are a minimal n elements a1; a2; . . . ; an 2 M line-
arly independent over CðMÞ such that Pni¼1aiaxbbi ¼ 0 for
all x 2 M and a; b 2 C, where bi are non-zero elements of M.
Since M is prime, n > 1. Suppose that xi; yi 2 M are such thatPn
i¼1xicxdyi ¼ 0. If r 2 M, then
Pn
i¼1aiarbxjcbidyj ¼Pn
i¼1aiarbbidyj ¼
Pn
i¼1aiarb
P
xjcbidyj
  ¼ 0. Since Pni¼1aiar
bxjcbi ¼ 0, we obtain a shorter relation than n, we have thatPn
i¼1xicbidyj ¼ 0 for all i. Hence, the map wi : MCbiCM !
M deﬁned by wi
Pn
i¼1ujcbidvj
  ¼Pni¼1ujcbidvj ¼ 0 is well
deﬁned. It is trivial that wi is an additive map of the idealMCbiCM into M. Hence, wi gives an element bi such that
wiðbiÞ 2 CðMÞ. Moreover, by deﬁnition wiðbiÞ ¼ bi. Thus,Pn
i¼1aiaxbbi ¼
Pn
i¼1aiaxbwiðbiÞ ¼
Pn
i¼1wiðaiÞ
 
axbbi ¼ 0. By
the primeness of M, we get that
Pn
i¼1aiaxbbi ¼ 0, since ai are
linearly independent over CðMÞ, we must have wi ¼ 0. But
then by deﬁnition of wi;MCbiCM ¼ 0, gives a contradiction
bi ¼ 0. h
Lemma 2.2. Let M be a prime C-ring with involution I satisfying
the condition xaybz ¼ xbyaz, for all x; y; z 2 M; a; b 2 C and
let T : M ! M be a Jordan left-I-centralizer on M. If
TðxÞ 2 ZðMÞ for all x 2 M, then T ¼ 0.
Proof. By the assumption we have ½TðxÞ; ya ¼ 0 for all
x; y 2 M and a 2 C. Substituting xbx for x in the above rela-
tion, then we obtain 0 ¼ ½TðxbxÞ; ya ¼ ½TðxÞbIðxÞ; ya ¼
½TðxÞ; yabIðxÞ þ TðxÞb½IðxÞ; ya,for all x; y 2 M and a; b 2 C.
In view of our hypothesis, the last expression yields that
TðxÞb½IðxÞ; ya ¼ 0 for all x; y 2 M and a; b 2 C. Since the cen-
ter of a prime C-ring is free from zero divisors, either TðxÞ ¼ 0
or ½IðxÞ; ya ¼ 0 for all x; y 2 M and a 2 C. Let
A ¼ fx 2 M j TðxÞ ¼ 0g and B ¼ fx 2 M j ½IðxÞ; ya ¼ 0 for
all y 2 M and a 2 Cg. It can be easily seen that A and B are
two additive subgroups of M whose union is M and hence
by Brauer’s trick, we get A ¼ M or B ¼ M. If B ¼ M, then
M is commutative, which gives a contradiction. Thus, the only
possibility remains that A ¼ M. That is, TðxÞ ¼ 0 for all
x 2 M. This completes the proof. h
Theorem 2.3. Let M be a semiprime C-ring with involution I sat-
isfying the condition xaybz ¼ xbyaz for all x; y; z 2 M and
a; b 2 C, of characteristic different from two and T : M ! M
an additive mapping which satisﬁes TðxaxÞ ¼ TðxÞaIðxÞ for all
x 2 M and a 2 C. Then, T is a reverse left-I-centralizer, that
is, TðxayÞ ¼ TðyÞaIðxÞ for all x; y 2 M and a 2 C.
Proof. We have TðxaxÞ ¼ TðxÞaIðxÞ for all x 2 M and a 2 C.
Applying involution I both sides to the above expression, we
obtain IðTðxaxÞÞ ¼ xaIðTðxÞÞ for all x 2 M and a 2 C. Deﬁne
a new map S : M ! M such that SðxÞ ¼ IðTðxÞÞ for all x 2 M
and a 2 C. Then, we see that SðxaxÞ ¼ IðTðxaxÞÞ ¼
IðTðxÞaIðxÞÞ ¼ xaIðTðxÞÞ ¼ xaSðxÞ for all x 2 M and a 2 C.
Hence, we obtain SðxaxÞ ¼ xaSðxÞ for all x 2 M and a 2 C.
Thus, S is a Jordan right-centralizer on M. In view of [5], S
is a right-centralizer that is, SðxayÞ ¼ xaSðyÞ for all x; y 2 M
and a 2 C. This implies that IðTðxayÞÞ ¼ xaIðTðyÞÞ for all
x; y 2 M and a 2 C. By applying involution to the both sides
of the last relation, we ﬁnd that TðxayÞ ¼ TðyÞaIðxÞ for all
x; y 2 M and a 2 C. This completes the proof. h
Lemma 2.4. Let M be a prime C-ring with involution I satisfying
the condition xaybz ¼ xbyaz for all x; y; z 2 M and a; b 2 C, of
characteristic different from two and T : M ! M an additive
mapping which satisﬁes TðxaxaxÞ ¼ IðxÞaTðxÞaIðxÞ for all
x 2 M and a 2 C. Then, TðxayÞ ¼ TðyÞaIðxÞ ¼ IðyÞaTðxÞ for
all x; y 2 M and a 2 C, that is, T is a reverse I-centralizer on M.
Proof. By the given hypothesis, we have
TðxaxaxÞ ¼ IðxÞaTðxÞaIðxÞ for all x 2 M and a 2 C. Applying
involution I on both sides to the above expression, we get
IðTðxaxaxÞÞ ¼ xaIðTðxÞÞax for all x 2 M and a 2 C. Deﬁne
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Then, we see that SðxaxaxÞ ¼ IðIðTðxaxaxÞÞÞ ¼ IðIðxÞ
aTðxÞaIðxÞÞ ¼ xaIðTðxÞÞax ¼ xaSðxÞax for all x 2 M and
a 2 C. Hence, we conclude that SðxaxaxÞ ¼ xaSðxÞax for all
x 2 M and a 2 C. Thus, S is an additive mapping such that
SðxaxaxÞ ¼ xaSðxÞax. In view of [5], we are forced to
conclude that S is a two sided centralizer that is,
SðxayÞ ¼ xaSðyÞ ¼ SðxÞay for all x; y 2 M and a 2 C. This
implies that IðTðxayÞÞ ¼ xaIðTðyÞÞ ¼ IðTðxÞÞay for all
x; y 2 M and a 2 C. Again applying involution both sides to
the last relation, we ﬁnd that TðxayÞ ¼ TðyÞaIðxÞ ¼
IðyÞaTðxÞ for all x; y 2 M and a 2 C. h
Lemma 2.5. Let M be a prime C-ring with involution I satisfying
the condition xaybz ¼ xbyaz for all x; y; z 2 M and a; b 2 C,
and let S;T : M ! M be Jordan left-I-centralizers. Suppose that
½SðxÞ;TðxÞa ¼ 0 holds for all x 2 M and a 2 C. If T ¼ 0, then
there exists p 2 CðMÞ such that S ¼ pT.
Proof. By Theorem 2.3 we conclude that S and T are reverse
left-I-centralizers on M. In view of the hypothesis, we have½SðxÞ;TðxÞa ¼ 0; ð1Þ
for all x 2 M and a 2 C. Linearizing (1) and using it, we get
½SðxÞ;TðyÞa þ ½SðyÞ;TðxÞa ¼ 0; ð2Þ
for all x; y 2 M and a 2 C. Replacing x by zbx in (2), we
obtain
½SðxÞ;TðyÞabIðzÞ þ SðxÞb½IðzÞ;TðyÞa
þ ½SðyÞ;TðxÞabIðzÞ þ TðxÞb½SðyÞ; IðzÞa
¼ 0: ð3Þ
Application of (2) yields thatSðxÞb½IðzÞ;TðyÞa þ TðxÞb½SðyÞ; IðzÞa ¼ 0: ð4Þ
Replacing x by wdx in (4), we getSðxÞbIðwÞd½IðzÞ;TðyÞa þ TðxÞbIðwÞd½SðyÞ; IðzÞa ¼ 0: ð5Þ
Replacing w by IðwÞ and z by IðzÞ in (5), we obtainSðxÞbwd½z;TðyÞa þ TðxÞbwd½SðyÞ; za ¼ 0: ð6Þ
It follows from Lemma 2.2 that there exists y; z 2 M and a 2 C
such that ½TðyÞ; IðzÞa ¼ 0, since T–0. In view of Lemma 2.1
and from relation (6) we conclude that SðxÞ ¼ pTðxÞ, where
p is from CðMÞ. Thus, the relation (6) forces that for some
p; q 2 CðMÞ; 0 ¼ pTðxÞbwd½TðyÞ; za  TðxÞbwd½qTðyÞ; za ¼ p
TðxÞbwd½TðyÞ; za  TðxÞbwdq½TðyÞ; za ¼ ðp  qÞTðxÞbwd½T
ðyÞ; za, for all y; z 2 M and a; b; d 2 C. Since M is a prime C-
ring, the above expression yields that either ðp qÞTðxÞ ¼ 0
or ½TðyÞ; za ¼ 0. Since ½TðyÞ; za–0, we have ðp qÞTðxÞ ¼ 0
for all x 2 M and a 2 C. This implies that pTðxÞ ¼ qTðxÞ for
all x 2 M. This gives SðxÞ ¼ pTðxÞ for all x 2 M as desired.
If we replace the commutator by anti-commutator in Lemma
2.5, the corresponding result also holds. hLemma 2.6. Let M be a prime C-ring with involution I satisfying
the condition xaybz ¼ xbyaz for all x; y; z 2 M and a; b 2 C,
and let S;T : M ! M be Jordan left-I-centralizers. Suppose that
hSðxÞ;TðxÞia ¼ 0 holds for all x 2 M and a 2 C. If T–0, then
there exists p 2 CðMÞ such that S ¼ pT.
Proof. By the assumption, we have
hSðxÞ;TðxÞia ¼ 0; ð7Þ
for all x 2 M and a 2 C. Replacing x by xþ y in (7), we obtain
hSðxÞ;TðxÞia þ hSðxÞ;TðyÞia þ hSðyÞ;TðxÞia
þ hSðyÞ;TðyÞia
¼ 0: ð8Þ
Using (7) in (8), we get
hSðxÞ;TðyÞia þ hSðyÞ;TðxÞia ¼ 0: ð9Þ
Substituting zby for y in (9) and using the fact that S and T
are reverse left-I-centralizers, we ﬁnd that 0 ¼ hSðxÞ;TðzbyÞia
þhSðzbyÞ; TðxÞia ¼ hSðxÞ; TðyÞbIðzÞia þ hTðxÞ; SðyÞbIðzÞia ¼
hSðxÞ; TðyÞiabIðzÞ  TðyÞb½SðxÞ; IðzÞa þ hTðxÞ; SðyÞiabIðzÞ
SðyÞb½TðxÞ; IðzÞa. Application of (9) yields that
TðyÞb½SðxÞ; IðzÞa þ SðyÞb½TðxÞ; IðzÞa ¼ 0: ð10Þ
Replacing y by wdy in (10), we obtain
TðyÞbIðwÞd½SðxÞ; IðzÞa þ SðyÞbIðwÞd½TðxÞ; IðzÞa ¼ 0: ð11Þ
Replacing w by IðwÞ and z by IðzÞ in (11), we get
TðyÞbwd½SðxÞ; za þ SðyÞbwd½TðxÞ; za ¼ 0: ð12Þ
Henceforth using similar approach as we have used after
Eq. (6) in the proof of Lemma 2.5, we get the required result.
This ﬁnishes the proof of the lemma. h3. Main results
The main result of the present paper is the following theorem
which is inspired by [1].
Theorem 3.1. Let M be a 2-torsion free semiprime C-ring with
involution I satisfying the condition xaybz ¼ xbyaz for all
x; y; z 2 M and a; b 2 C, and S;T : M ! M be Jordan left-I-
centralizers. Suppose that hSðxÞ;TðxÞiabSðxÞ  SðxÞbhSðxÞ;
TðxÞia ¼ 0 holds for all x 2 M and a; b 2 C. Then,
½SðxÞ;TðxÞa ¼ 0 for all x 2 M and a 2 C. Moreover, if M is
a prime C-ring and S–0 ðT–0Þ, then there exists p 2 CðMÞ such
that T ¼ pS (S ¼ qT; q 2 CðMÞ).Proof. In view of Lemma 2.3, we conclude that S and T are
reverse left-I-centralizers. By the hypothesis, we have
hSðxÞ;TðxÞiabSðxÞ  SðxÞbhSðxÞ;TðxÞia ¼ 0; ð13Þ
for all x 2 M and a; b 2 C. Linearization of the relation (13)
yields that
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þ hSðyÞ;TðxÞiabSðxÞ þ hSðyÞ;TðxÞiabSðyÞ
þ hSðyÞ;TðxÞiabSðxÞ  SðyÞbhSðxÞ;TðxÞia
 SðxÞbhSðxÞ;TðyÞia  SðyÞbhSðxÞ;TðyÞia
 SðxÞbhSðyÞ;TðxÞia  SðyÞbhSðyÞ;TðxÞia
 SðxÞbhSðyÞ;TðyÞia ¼ 0; ð14Þ
for all x; y 2 M and a; b 2 C. Replacing x by x in (14), we get
hSðxÞ;TðxÞiabSðyÞ þ hSðxÞ;TðyÞiabSðxÞ  hSðxÞ;TðyÞiabSðyÞ
þ hSðyÞ;TðxÞiabSðxÞ  hSðyÞ;TðxÞiabSðyÞ
 hSðyÞ;TðyÞiabSðxÞ  SðyÞbhSðxÞ;TðxÞia
 SðxÞbhSðxÞ;TðyÞia þ SðyÞbhSðxÞ;TðyÞia
 SðxÞbhSðyÞ;TðxÞia þ SðyÞbhSðyÞ;TðxÞia
þ SðxÞbhSðyÞ;TðyÞia ¼ 0: ð15Þ
Combining (14) and (15), we obtain 2hSðxÞ;TðxÞiabSðyÞþ
2hSðxÞ, TðyÞiabSðxÞ þ 2hSðyÞ, TðxÞiabSðxÞ  2SðyÞbhSðxÞ,
TðxÞia  2SðxÞbhSðxÞ, TðyÞia  2SðxÞbhSðyÞ, TðxÞia ¼ 0.
Since M is 2-torsion free, the above relation reduces to
hSðxÞ;TðxÞiabSðyÞ þ hSðxÞ;TðyÞiabSðxÞ þ hSðyÞ;TðxÞiabSðxÞ
 SðyÞbhSðxÞ;TðxÞia  SðxÞbhSðxÞ;TðyÞia
 SðxÞbhSðyÞ;TðxÞia ¼ 0: ð16Þ
Replacing y by ydx in (16), we obtain hSðxÞ;TðxÞiabS
ðxÞdIðyÞ þ hSðxÞ;TðxÞdyiabSðxÞ þ hSðxÞdTðyÞ, TðxÞiabSðxÞ
SðxÞdIðyÞbhSðxÞ;TðxÞia  SðxÞbhSðxÞ, TðxÞdIðyÞia  SðxÞbhT
ðxÞ;SðxÞdIðyÞia ¼ 0. By using anti-commutator identity, the
above relation can be written as
hSðxÞ;SðxÞiadSðxÞbIðyÞ þ hSðxÞ;TðxÞiadIðyÞbSðxÞ
 TðxÞd½SðxÞ; IðyÞabSðxÞ þ hTðxÞ;SðxÞiadIðyÞbSðxÞ
 SðxÞd½TðxÞ; IðyÞabSðxÞ  SðxÞbIðyÞdhSðxÞ;TðxÞia
 SðxÞbhSðxÞ;TðxÞiadIðyÞ þ SðxÞbTðxÞd½SðxÞ; IðyÞa
 SðxÞbhTðxÞ;SðxÞiadIðyÞ þ SðxÞbSðxÞd½TðxÞ; IðyÞa ¼ 0:
ð17Þ
In view of (13) and (17) reduces to
hSðxÞ;TðxÞiadIðyÞbSðxÞTðxÞd½SðxÞ; IðyÞabSðxÞ
þ hSðxÞ;TðxÞiadIðyÞbSðxÞSðxÞd½TðxÞ; IðyÞabSðxÞ
SðxÞdIðyÞbhSðxÞ;TðxÞiaSðxÞbhSðxÞ;TðxÞiadIðyÞ
þSðxÞbTðxÞd½SðxÞ; IðyÞaþSðxÞbSðxÞd½TðxÞ; IðyÞa ¼ 0: ð18Þ
Upon substituting IðSðxÞÞly for y in (18), we get hS
ðxÞ; TðxÞiadIðyÞlSðxÞbSðxÞ  TðxÞd½SðxÞ; IðyÞlSðxÞabSðxÞþ
hTðxÞ, SðxÞiadIðyÞlSðxÞbSðxÞ  SðxÞd½TðxÞ; IðyÞlSðxÞabS
ðxÞ  SðxÞdIðyÞlSðxÞbSðxÞ, TðxÞiaSðxÞbhSðxÞ, TðxÞiadIðyÞ
lSðxÞ þ SðxÞbTðxÞd½SðxÞ; IðyÞlSðxÞa þ SðxÞlSðxÞd½TðxÞ; IðyÞ
lSðxÞa ¼ 0. This implies that
hSðxÞ;TðxÞiadIðyÞlSðxÞbSðxÞTðxÞd½SðxÞ;IðyÞalSðxÞ
þhSðxÞ;TðxÞiadIðyÞlSðxÞbSðxÞSðxÞb½TðxÞ;IðyÞalSðxÞbSðxÞ
SðxÞdIðyÞb½TðxÞ;SðxÞalSðxÞSðxÞdIðyÞlSðxÞbhSðxÞ;TðxÞia
SðxÞbhSðxÞ;TðxÞiadIðyÞlSðxÞþSðxÞbTðxÞd½SðxÞ;IðyÞalSðxÞ
þSðxÞbSðxÞd½TðxÞ;IðyÞalSðxÞþSðxÞbSðxÞdIðyÞl½TðxÞ;SðxÞa¼ 0:
ð19Þ
Application of (18) yields that
SðxÞdIðyÞb½TðxÞ;SðxÞalSðxÞ  SðxÞbSðxÞdIðyÞl½TðxÞ;SðxÞa ¼ 0:
ð20ÞReplacing y by ycIðTðxÞÞ in (20), we obtain
SðxÞdTðxÞcIðyÞb½SðxÞ;TðxÞalSðxÞ
 SðxÞbSðxÞdTðxÞcIðyÞl½SðxÞ;TðxÞa ¼ 0: ð21Þ
Left multiplying (20) by TðxÞ gives
TðxÞcSðxÞdIðyÞb½TðxÞ;SðxÞalSðxÞ
 TðxÞcSðxÞbSðxÞdIðyÞl½TðxÞ;SðxÞa ¼ 0: ð22Þ
On combining (21) and (22), we obtain
½SðxÞ;TðxÞacIðyÞd½SðxÞ;TðxÞalSðxÞ
 ½SðxÞSðxÞ;TðxÞacIðyÞl½SðxÞ;TðxÞa ¼ 0: ð23Þ
By our hypothesis, we have
0 ¼ hSðxÞ;TðxÞiaSðxÞ  SðxÞbhSðxÞ, TðxÞia ¼ SðxÞaTðxÞb
SðxÞ þ TðxÞaSðxÞbSðxÞ  SðxÞbSðxÞaTðxÞ  SðxÞbTðxÞaSðxÞ
¼ TðxÞaSðxÞbSðxÞ  SðxÞbSðxÞaTðxÞ. The above expression
can be further written as
½SðxÞbSðxÞ;TðxÞa ¼ 0: ð24Þ
Using (24) in (23), we get
½SðxÞ;TðxÞacIðyÞd½SðxÞ;TðxÞalSðxÞ ¼ 0: ð25Þ
Replacing y by ycIðSðxÞÞ in (25), we obtain
½SðxÞ;TðxÞacSðxÞlIðyÞd½SðxÞ;TðxÞalSðxÞ ¼ 0: ð26Þ
Since M is a semiprime C-ring it follows from relation (26)
that
½SðxÞ;TðxÞalSðxÞ ¼ 0: ð27Þ
In view of relation (24) and (27), we have
SðxÞl½SðxÞ;TðxÞa ¼ 0: ð28Þ
Replacing x by xþ y in (28) and using the same techniques
as we used to obtain (16) from (13), we get
SðyÞl½SðxÞ;TðxÞa þ SðxÞl½SðyÞ;TðxÞa
þ SðxÞl½SðxÞ;TðyÞa ¼ 0: ð29Þ
Substituting ybx for y in (29), we obtain SðxÞbIðyÞ
l½SðxÞ;TðxÞa þ SðxÞlSðxÞb½IðyÞ;TðxÞa þ SðxÞl½SðxÞ;TðxÞab
IðyÞ þ SðxÞl½SðxÞ;TðxÞabIðyÞ þ SðxÞlTðxÞb½SðxÞ; IðyÞa ¼ 0.
This implies that
SðxÞbIðyÞl½SðxÞ;TðxÞa þ SðxÞlSðxÞb½IðyÞ;TðxÞa
þ SðxÞlTðxÞb½SðxÞ; IðyÞa ¼ 0: ð30Þ
Thus we have the relation
SðxÞbIðyÞl½SðxÞ;TðxÞa þ SðxÞlSðxÞb½IðyÞ;TðxÞa
þ SðxÞlTðxÞb½SðxÞ; IðyÞa ¼ 0;
which can be further written in the form
SðxÞbIðyÞl½SðxÞ;TðxÞa þ SðxÞlSðxÞbIðyÞaTðxÞ
 SðxÞlTðxÞbIðyÞaSðxÞ þ SðxÞb½TðxÞ;SðxÞabIðyÞ ¼ 0:
Application of (28) forces that
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 SðxÞlTðxÞbIðyÞaSðxÞ ¼ 0: ð31Þ
Left multiplication of (31) by TðxÞ gives
TðxÞaSðxÞbIðyÞl½SðxÞ;TðxÞa þ TðxÞaSðxÞlSðxÞbIðyÞaTðxÞ
 TðxÞaSðxÞlTðxÞbIðyÞaSðxÞ ¼ 0: ð32Þ
On substituting yaIðTðxÞÞ for y in (31), we have
SðxÞlTðxÞbIðyÞa½SðxÞ;TðxÞa þ SðxÞlSðxÞbTðxÞaIðyÞaTðxÞ
 SðxÞlTðxÞbSðxÞaIðyÞaSðxÞ ¼ 0: ð33Þ
Combining (32) and (33), we obtain
½SðxÞ;TðxÞalIðyÞb½SðxÞ;TðxÞa þ ½SðxÞaSðxÞ;TðxÞabIðyÞlTðxÞ
þ ½TðxÞ;SðxÞabTðxÞlIðyÞaSðxÞ ¼ 0: ð34Þ
Using (24), the above expression reduces to
½SðxÞ;TðxÞabIðyÞl½SðxÞ;TðxÞa
þ ½TðxÞ;SðxÞabTðxÞlIðyÞaSðxÞ ¼ 0: ð35Þ
Substituting zbSðxÞIðyÞ for y in (35), we get
½SðxÞ;TðxÞabIðyÞlSðxÞbIðzÞd½SðxÞ;TðxÞa
þ ½TðxÞ;SðxÞabTðxÞdIðyÞlSðxÞbIðzÞdSðxÞ ¼ 0: ð36Þ
On the other hand right multiplying to (35) by IðzÞdSðxÞ,
we get
½SðxÞ;TðxÞabIðyÞb½SðxÞ;TðxÞadIðzÞlSðxÞ
þ ½TðxÞ;SðxÞabTðxÞlIðyÞaSðxÞdIðzÞdSðxÞ ¼ 0: ð37Þ
On comparing (36) and (37), we obtain
½SðxÞ;TðxÞabIðyÞdAðx; zÞ ¼ 0; ð38Þ
where
Aðx; zÞ ¼ ½SðxÞ;TðxÞabIðzÞlSðxÞ  SðxÞlIðzÞb½SðxÞ; TðxÞa.
Substituting ydIðSðxÞÞlz for y in (38) gives
½SðxÞ;TðxÞabIðzÞdSðxÞlIðyÞdAðx; zÞ ¼ 0: ð39Þ
Left multiplying to (38) by SðxÞlIðzÞ, we get
SðxÞbIðzÞd½SðxÞ;TðxÞabIðyÞlAðx; zÞ ¼ 0: ð40Þ
From (39) and (40), we arrive at Aðx; zÞlydAðx; zÞ ¼ 0.
That is, Aðx; zÞCMCAðx; zÞ ¼ 0. The semiprimeness of M
forces that Aðx; zÞ ¼ 0. In other words, we have
½SðxÞ;TðxÞabIðzÞdSðxÞ ¼ SðxÞdIðzÞl½SðxÞ;TðxÞa: ð41Þ
Replacing z by ylIðTðxÞÞ in (41), we obtain
½SðxÞ;TðxÞabTðxÞlIðyÞdSðxÞ
¼ SðxÞdTðxÞbIðyÞl½SðxÞ;TðxÞa: ð42Þ
Combining (35) and (42), we obtain ½SðxÞ;TðxÞab
IðyÞd½SðxÞ;TðxÞa  SðxÞdTðxÞbIðyÞl½SðxÞ;TðxÞa ¼ 0. This
further reduces toTðxÞdSðxÞbIðyÞl½SðxÞ;TðxÞa ¼ 0: ð43Þ
If we substitute yaIðTðxÞÞ for y in (43), we ﬁnd that
TðxÞdSðxÞbTðxÞaIðyÞl½SðxÞ;TðxÞa ¼ 0: ð44Þ
Multiplying (43) from the left side by TðxÞ, we get
TðxÞdTðxÞlSðxÞbIðyÞa½SðxÞ;TðxÞa ¼ 0: ð45Þ
Subtracting (45) from (44), we get
TðxÞd½SðxÞ;TðxÞalIðyÞb½SðxÞ;TðxÞa ¼ 0: ð46Þ
Replacing IðTðxÞÞdy for y in (46), we obtain
TðxÞd½SðxÞ;TðxÞabIðyÞdTðxÞl½SðxÞ;TðxÞa ¼ 0: ð47Þ
That is, TðxÞC½SðxÞ;TðxÞCCMCTðxÞ½SðxÞ;TðxÞC ¼ 0 for
all x 2 M. The semiprimeness of M yields that
TðxÞC½SðxÞ;TðxÞC ¼ 0: ð48Þ
Replacing y by IðTðxÞÞay in (42) gives, because of (48)
½SðxÞ;TðxÞabIðyÞdTðxÞlSðxÞ ¼ 0: ð49Þ
Substituting xþ y for x in (27) and using the same
approach as we used to obtain (16) from (13), we get
½SðxÞ;TðxÞabSðyÞ þ ½SðxÞ;TðyÞabSðxÞ
þ ½SðyÞ;TðxÞabSðxÞ ¼ 0: ð50Þ
On substituting y x for y in (50), we obtain ½SðxÞ;TðxÞa
bSðxÞbIðyÞ þ TðxÞb½SðxÞ; IðyÞabSðxÞ þ ½SðxÞ; TðxÞabIðyÞbS
ðxÞ þ ½SðxÞ; TðxÞabIðyÞbSðxÞ þ SðxÞb½IðyÞ; TðxÞabSðxÞ ¼ 0.
Application of (27) yields that
½SðxÞ;TðxÞabIðyÞbSðxÞ þ TðxÞb½SðxÞ; IðyÞabSðxÞ
þ ½SðxÞ;TðxÞabIðyÞbSðxÞ þ SðxÞb½IðyÞ;TðxÞabSðxÞ ¼ 0:
ð51Þ
This implies that
2½SðxÞ;TðxÞabIðyÞbSðxÞ þ TðxÞb½SðxÞ; IðyÞabSðxÞ
þ SðxÞb½IðyÞ;TðxÞabSðxÞ ¼ 0: ð52Þ
This can be further written as
2½SðxÞ;TðxÞabIðyÞbSðxÞ þ TðxÞbSðxÞbIðyÞaSðxÞ  TðxÞaI
ðyÞbSðxÞbSðxÞ þ SðxÞaIðyÞ bTðxÞbSðxÞ  SðxÞbTðxÞaIðyÞb
SðxÞ ¼ 0, which reduces to
½SðxÞ;TðxÞabIðyÞbSðxÞ þ SðxbÞIðyÞaTðxÞbSðxÞ
 TðxÞbIðyÞaSðxÞbSðxÞ ¼ 0: ð53Þ
Using (41) in (53), we obtain 0 ¼ SðxÞbIðyÞ
b½SðxÞ;TðxÞaþSðxÞbIðyÞaTðxÞbSðxÞTxÞbIðyÞbSðxÞaSðxÞ¼
SðxÞbIðyÞaSðxÞaTðxÞTðxÞbIðyÞaSðxÞbSðxÞ.The above
expression yields that
SðxÞaIðyÞbSðxÞbTðxÞ ¼ TðxÞbIðyÞaSðxÞbSðxÞ: ð54Þ
Substituting yaIðTðxÞÞ for y in (54), we have
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ð55Þ
Left multiplication to (54) by TðxÞ leads to
TðxÞaSðxÞbIðyÞaSðxÞbTðxÞ ¼ TðxÞaTðxÞbIðyÞbSðxÞaSðxÞ:
ð56Þ
By combining (55) and (56), we arrive at
½SðxÞ;TðxÞabIðyÞbSðxÞaTðxÞ ¼ 0: ð57Þ
From (49) and (57), we obtain ½SðxÞ;TðxÞabIðyÞb½S
ðxÞ;TðxÞa ¼ 0. That is, ½SðxÞ;TðxÞCCMC½SðxÞ;TðxÞC ¼ 0.
The semiprimeness of M yields that ½SðxÞ;TðxÞa ¼ 0 for
allx 2 M and a 2 C. If M is prime, then in view of Lemma
2.5 we get the required result. Thereby the proof of theorem
is completed. h
Theorem 3.2. Let M be a 2-torsion free semiprime C-ring with
involution I satisfying the condition xaybz ¼ xbyaz for all
x; y; z 2 M and a; b 2 C, and S;T : M ! M be Jordan left-
I-centralizers. Suppose that ½SðxÞ;TðxÞabSðxÞ  SðxÞb½SðxÞ;
TðxÞa ¼ 0 holds for all x 2 M and a; b 2 C. Then,
½SðxÞ;TðxÞa ¼ 0 for all x 2 M and a 2 C. Moreover, if M is
a prime C-ring and S–0 (T–0), then there exists p 2 CðMÞ
such that T ¼ pS (S ¼ qT; q 2 CðMÞ).
Proof. We notice that S and T are reverse left-I-centralizers by
Lemma 2.3. By the assumption we have the relation
½SðxÞ;TðxÞabSðxÞ  SðxÞb½SðxÞ;TðxÞa ¼ 0; ð58Þ
for all x 2 M and a; b 2 C Replacing x by xþ y in (58) and
using similar techniques as we used to obtain (16) from (13),
we ﬁnd that
½SðxÞ;TðxÞabSðyÞ þ ½SðxÞ;TðyÞabSðxÞ þ ½SðyÞ;TðxÞabSðxÞ
 SðyÞb½SðxÞ;TðxÞa  SðxÞb½SðxÞ;TðyÞa
 SðxÞb½SðyÞ;TðxÞa ¼ 0: ð59Þ
Substituting ydx for y in (59), we obtain
½SðxÞ;TðxÞabSðxÞdIðyÞ þ ½SðxÞ;TðxÞadIðyÞbSðxÞ
þ TðxÞd½SðxÞ; IðyÞabSðxÞ þ ½SðxÞ;TðxÞabIðyÞdSðxÞ
þ SðxÞb½IðyÞ;TðxÞadSðxÞ  SðxÞdIðyÞb½SðxÞ;TðxÞa
 SðxÞbTðxÞd½SðxÞ; IðyÞa  SðxÞb½SðxÞ;TðxÞadIðyÞ
 SðxÞbSðxÞd½IðyÞ;TðxÞa  SðxÞb½SðxÞ;TðxÞadIðyÞ ¼ 0:
ð60Þ
Application of (58) forces that
2½SðxÞ;TðxÞabIðyÞdSðxÞ þ TðxÞb½SðxÞ; IðyÞadSðxÞ
þ SðxÞb½IðyÞ;TðxÞadSðxÞ  SðxÞdIðyÞb½SðxÞ;TðxÞa
 SðxÞbTðxÞd½SðxÞ; IðyÞa  SðxÞb½SðxÞ;TðxÞadIðyÞ
 SðxÞdSðxÞb½IðyÞ;TðxÞa ¼ 0: ð61Þ
Substituting IðSðxÞÞly for y in (61), we have
2½SðxÞ;TðxÞalIðyÞbSðxÞdSðxÞ þ TðxÞb½SðxÞ; IðyÞalSðxÞdSðxÞ
þ SðxÞb½IðyÞ;TðxÞalSðxÞdSðxÞ
þ SðxÞbIðyÞl½SðxÞ;TðxÞadSðxÞ SðxÞbIðyÞdSðxÞl½SðxÞ;TðxÞa
 SðxÞbTðxÞd½SðxÞ; IðyÞalSðxÞ
 SðxÞb½SðxÞ;TðxÞadIðyÞlSðxÞ
 SðxÞlSðxÞbIðyÞd½SðxÞ;TðxÞa
 SðxÞbSðxÞd½IðyÞ;TðxÞalSðxÞ ¼ 0: ð62Þ
Using (61) in (62), we conclude that
SðxÞbIðyÞd½SðxÞ;TðxÞalSðxÞ
 SðxÞbSðxÞdIðyÞl½SðxÞ;TðxÞa ¼ 0: ð63Þ
Substituting yIðTðxÞÞ for y in the above relation, we
obtain
SðxÞbTðxÞbIðyÞd½SðxÞ;TðxÞalSðxÞ
 SðxÞbSðxÞdTðxÞbIðyÞl½SðxÞ;TðxÞa ¼ 0: ð64Þ
On the other hand left multiplication of (63) by TðxÞ gives
TðxÞdSðxÞbIðyÞd½SðxÞ;TðxÞabSðxÞ
 TðxÞbSðxÞdSðxÞIðyÞb½SðxÞ;TðxÞa ¼ 0: ð65Þ
By comparing (64) and (65), we obtain 0 ¼ ½SðxÞ;TðxÞabI
ðyÞd½SðxÞ;TðxÞadSðxÞ ½SðxÞbSðxÞ;TðxÞaIðyÞb½SðxÞ;TðxÞa ¼
½SðxÞ; TðxÞadIðyÞb½SðxÞ; TðxÞabSðxÞ  ð½SðxÞ; TðxÞabSðxÞþ
SðxÞb½SðxÞ; TðxÞaÞIðyÞb½SðxÞ; TðxÞa. In view of the hypothe-
sis, the above expression reduces to
½SðxÞ;TðxÞadIðyÞb½SðxÞ;TðxÞaSðxÞ
 2SðxÞdb½SðxÞ;TðxÞabIðyÞd½SðxÞ;TðxÞa: ð66Þ
If we multiply (66) by SðxÞ from left, we get
SðxÞd½SðxÞ;TðxÞadIðyÞb½SðxÞ;TðxÞaSðxÞ
 2SðxÞdSðxÞb½SðxÞ;TðxÞaIðyÞb½SðxÞ;TðxÞa ¼ 0: ð67Þ
On the other hand putting y½SðxÞ;TðxÞa for y in (63), we
arrive at
SðxÞb½SðxÞ;TðxÞabIðyÞb½SðxÞ;TðxÞabSðxÞ
 SðxÞbSðxÞd½SðxÞ;TðxÞabIðyÞd½SðxÞ;TðxÞa ¼ 0: ð68Þ
By combining (67) and (68), we obtain
SðxÞb½SðxÞ;TðxÞadIðyÞb½SðxÞ;TðxÞabSðxÞ ¼ 0: ð69Þ
Using (58) in the above expression, we obtain
SðxÞb½SðxÞ;TðxÞadIðyÞbSðxÞb½SðxÞ;TðxÞa ¼ 0: ð70Þ
Since M is semiprime, it follows that SðxÞb½SðxÞ;
TðxÞa ¼ 0. From (69) and (58), we get ½SðxÞ;TðxÞa
bSðxÞ ¼ 0. The last two expressions are same as Eqs. (27)
and (28) and hence, by using similar approach as we have used
after (27) and (28) in the proof of Theorem 3.1, we get the
required result. The theorem is thereby proved. h
Corollary 3.3. Let M be a 2-torsion free semiprime C-ring with
involution I satisfying the condition xaybz ¼ xbyaz for all
x; y; z 2 M and a; b 2 C, and T : M ! M a Jordan left-I-
centralizer.
14 K.K. Dey et al.(1) Suppose that hT ðxÞ; IðxÞiabIðxÞ  IðxÞbhT ðxÞ; IðxÞia ¼ 0
holds for all x 2 M and a; b 2 C. Then, T is a reverse
I-centralizer on M.
(2) Suppose that hT ðxÞ; IðxÞiabT ðxÞ  T ðxÞbhT ðxÞ; IðxÞia ¼ 0
holds for all x 2 M and a; b 2 C. Then, T is a reverse
I-centralizer on M.
(3) Suppose that ½T ðxÞ; IðxÞabIðxÞ  IðxÞb½T ðxÞ; IðxÞa ¼ 0
holds for all x 2 M and a; b 2 C. In this case, T is a
reverse I-centralizer on M.
(4) Suppose that ½T ðxÞ; IðxÞabT ðxÞ  T ðxÞb½T ðxÞ; IðxÞa ¼ 0
holds for all x 2 M and a; b 2 C. In this case, T is a
reverse I-centralizer on M.Acknowledgment
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